We are concerned with testing procedures for umbrella alternatives in the k-sample location problem without making the assumption that the underlying populations have the same shape. Modifications of the Mack-Wolfe tests are proposed for the cases when the peak of the umbrella is known or unknown. The proposed procedures are exactly distribution-free when the continuous populations have the same shape. The modified test for peak-known umbrella alternatives remains asymptotically distribution-free when the continuous populations are symmetric, but not necessarily with the same shape.
INTRODUCTION
Suppose that Xil,. ..,Xi,,, i = 1,. . . ,k, are k independent random samples from populations with continuous distribution functions F 1(x), . . . ,Fk(x), respectively. For each i = 1,.. . ,k, let ei be the unique median of the ith population. In this article, we consider testing the null hypothesis : (81 = . . . = 8k) against the umbrella alternatives ~ : (81 5 . . . 5 8, 2 . . . > ek, for some p, with at least one strict inequality) without assuming the same shapes for the k populations. Since we are concerned with testing for location parameters without making the assumption that the underlying populations have the same shape, this problem can be regarded as a generalization of the Behrens-Fisher problem.
Nonparametric tests for differences between two medians in the generalized BehrensFisher problem have been extensively studied; see Fligner and Police110 (1981) for detailed references. For a k-sample setting with symmetric underlying populations having possibly different shapes, Rust and Fligner (1984) suggested an asymptotically distribution-free test for general location alternatives based on a modification of the Kruskal-Wallis statistic (Kruskal and Wallis 1952) . They also noted that their modified Kruskal-Wallis test is distribution-free when the populations are identical.
The ordinary nonparametric tests for umbrella alternatives, such as the Mack-Wolfe tests (Mack and Wolfe 1981) , require the assumption that the continuous populations have the same shape to ensure the distribution-free property. However, the levels of these tests will not necessarily be preserved when the populations have different shapes or scale parameters. In this paper, rank-based modifications of the Mack-Wolfe tests are proposed which are exactly distribution-free when the continuous populations have the same shape. In addition, the modified Mack-Wolfe test for a peak-known umbrella alternative is still asymptotically distribution-free when the continuous populations are assumed symmetric, even if they differ in shape.
In Section 2 we review the Mack-Wolfe tests for umbrella location alternatives with either known or unknown umbrella peak. In Section 3 we modify the Mack-Wolfe statistics to obtain tests in the generalized Behrens-Fisher problem for both the setting where the peak of the umbrella is known and that where it is unknown. In Section 4 we present and discuss the results of a substantial Monte Carlo level and power study.
MACK-WOLFE TESTS
For testing %(, against an arbitrary peak-known (p) umbrella alternative ! T&, Mack and Wolfe (1981) suggested rejecting %(, for large values of where Uii is the usual Mann-Whitney statistic (Mann and Whitney 1947) corresponding to the number of observations in sample j that exceed observations in sample i. In particular, the test based 04 Ak is the Jonckheere-Terpstra test (Jonckheere 1954 , Terpstra 1952 for ordered location altneratives. Moreover, suppose that N + oo in such a way that ni /N -+ hi, with 0 < hi < 1, i = 1,.. . ,k. where is a sample estimate of the unknown peak p such that Z; = max{Z;, t = 1,.. .,k). It was noted, however, that there is a positive probability of observing several (say r) populations tied for the largest value of Z: . In this case, the values of A; is set equal to the average of those standardized p known statistics corresponding to peaks at each of the r samples tied for the maximum Z;.
MODIFICATIONS OF MACK-WOLFE TESTS
When the underlying populations are symmetric, the problem considered in this paper is in fact that of testing the null hypothesis Y& * : (aii = for all pairs of i and j) against the class of alternatives %* : (aii > 4, 1 5 i < j 5 p, and aii 5 i,p 5 i < j 5 k, for some p, with at least one strict inequality), where r c= pr(Xjl > Xil) = J Fi d 4 ,
It is obvious that, under %*,the expected values in (2.3) and (2.6) remain the same. However, when the underlying populations have different shapes, the variances in (2.4) and (2.7) are changed even under %*.To modify the Mack-Wolfe statistics for testing umbrella location alternatives with fewer assumptions on the shapes of the populations, we therefore need to first find the respective variances of Zt (2.5) and A, (2.1), t = 1,...,k, under a general setting. Let
From the results of Birnbaum and Klose (1957), we have, for i # j = 1,. . . ,k , E Uii = ninjaii (3.1) and
After some algebraic manipulations, we also have the following result:
for i # r , j = s ,
By using the results in (3.1), (3.2), and (3.3) we obtain, after some straightforward computations, that, for t = 1,...,k, and
In what follows we find consistent estimators of N-q 'Liar Z, and N-i 'Liar A,, Note that the statistic P; is actually the placement of Xjv with respect to the ith sample (Orban and Wolfe 1982) . We then estimate no and @ijt by, respectively, and 6s = /F. ,F, d~. ,-(/F, d~.,) (/F, d~,,,) For the situation where two ore more groups are tied for having the largest 2: sample values, let x be the set of the groups tied for the maximum 2:. We then take the value of a, as the average of the $'s for those t in the set X .
Suppose that N --, oo in such a way that ni /N --, hi, with 0 < hi < 1, i = 1,. . . ,k. Note that since the var Zt9s and var At's involve ranks only, the tests based on A: and A; are both exactly distribution-free when the populations are identical. In addition:
for the case k = 2, the test based on either a; or A; is the same as the modified Mann-Whitney test proposed by Fligner and Police110 (1981) for differences between two medians.
MONTE CARL0 STUDY

Discussion of Study.
To compare tests based on the modified Mack-Wolfe statistics A; (3.8) and (3.9) with those based on the original Mack-Wolfe statistics A; and A; given in (2.2) and (2.8), respectively, we conducted a Monte Carlo study. For these simulations, we selected three families of distributions: normal, contaminated normal, and Cauchy. Appropriate normal and Cauchy deviates were generated by the International Mathematical and Statistical Libraries (IMSL) routines rnnor and rnchy. The contaminated normal distribution utilized was a mixture of the standard normal distribution and a normal distribution with mean zero and standard deviation 5 in proportions 0.9 and 0.1, respectively.
To study the effect that heteroscedasticity has on the significance levels of the test procedures, we considered distributions with the same medians but different scale parameters, namely, Fl(x), ...,Fk(x) with Fi(x) = F(x/oi), i = l , . ..,k, and F(0) = ; .
Several choices of c2/01,. ..,ok/olin combination with the three distributions mentioned above were studied. Note that for the case of known umbrella peak (p) the level performance of the test based on A; relative to that of the test based on A; is similar for p = 1,. ..,k. Therefore, we simply considered the case p = k in this study. The estimated levels are presented in Tables 1 and 2. The results of a second Monte Carlo study, designed to compare the powers of the modified tests with the original tests for a variety of umbrella location alternatives when the populations are otherwise the same, are presented in Tables 3 and 4 . Specifically, we considered distribution functions Fi(x) = F(x -0i), i = 1,. . . ,k, for various choices of 02 -01,. ..,0k -01 and F being normal, contaminated normal, or Cauchy.
Both the level and power studies were conducted for k = 3 and k = 4 populations with nl = . .. = nk = 10 observations per sample. For each setting we used 10,000 replications, and the estimated level or power was obtained by computing the frequency of the test statistic falling in the level-0.10 critical ,region. Since we took 0.10 as the nominal level of the tests, the standard deviation of the estimated levels in Tables 1 and   2 is 0.003 = {(0.10)(0.90)/10,000)~. We then indicate, by + (-) signs, whenever the estimated level is two or more standard deviations above (below) 0.10.
Discussion of Results.
It can be seen from Tables 1 and 2 that the tests based on the statistics A; and A; do not hold their levels when the populations have different scale parameters, while those based on the modifications A; and A; hold their levels quite well across all situations.
These findings also demonstrate the fact that the modified tests are exactly distributionfree when the distributions are identical. Following the results in Section 3, we have, for -- A; where Q,(za)= 1 -a, with Q, being the standard normal distribution function, and A;, 'ThoA,, and ?/ar A, are given by (2.2), (2.4), and (3.5),respectively. This means that the asymptotic level of the test based on A; depends on the value of ('Tho ~,/?/arA,).
UMBRELLA TESTS IN BEHRENS-FISHER MODELS
This, in some sense, explains the evidence presented in Tables 1 and 2 that for some choices of 0 2 / 0 1 , . . . ,ok/olthe level of the based on A; is inflated, while for the other choices its level is deflated.
The power study presented in Tables 3 and 4 shows that, for small sample sizes, the estimated powers of the modified tests are sometimes slightly lower than those of the corresponding original tests. However, these small power differences do not seem too high a price to pay for holding the levels over the broader null hypothesis.
In conclusion, we recommend use of the modified Mack-Wolfe tests for two reasons. First, since the modified tests are strictly distribution-free when the populations are identical, the levels of these tests are exactly controlled for different distributional types, just as with the original procedures. Second, the levels of the modified tests are also maintained when the populations have different scales, and for small sample sizes there is no appreciable loss of power relative to the associated unmodified tests when the populations differ only in locations.
